LOW MACH NUMBER LIMIT FOR THE ISENTROPIC EULER SYSTEM 
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' Abstract. This paper is devoted to the study of the low Mach number limit for the isentropic Euler 

I system with axisymmetric initial data without swirl. In the first part of the paper we analyze the 

^ ^1 problem corresponding to the subcritical regularities, that is H" with s > |. Taking advantage of 

^ ' the Strichartz estimates and using the special structure of the vorticity we show that the lifespan 

, of the solutions is bounded below by log log log i, where e denotes the Mach number. Moreover, 

QQ ■ we prove that the incompressible parts converge to the solution of the incompressible Euler system, 

' when the parameter e goes to zero. In the second part of the paper we address the same problem 

but for the Besov critical regularity -B^Jj^. This case turns out to be more subtle at least due to two 
' I facts. The first one is related to the Beale-Kato-Majda criterion which is not known to be valid for 

'"j . rough regularities. The second one concerns the critical aspect of the Strichartz estimate L^L°° 

' for the acoustic parts (VA~^div w^, c^): it scales in the space variables like the space of the initial 
(— I ^ data. 
» . 
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1. Introduction 



The object of this paper is to study the incompressible hmit problem for classical solutions of the 
compressible isentropic Euler equations. The fluid is assumed to evolve in the whole space M'^ and 
it possesses some special geometric property: the flow is invariant under the group of rotations 
around the vertical axis (Oz). The state of the fluid is described by the velocity field Vs and the 
sound speed Cg, through a penalized quasilinear hyperbolic system, 



with 7 a strictly positive number and e a small parameter called the Mach number. We point 
out that the derivation of this model can be done from the compressible isentropic equations after 
rescaling the time and changes of variables, see for instance \14:\ \TE[ I24j . This model has been 
widely considered through the last decades and a special attention is focused on the construction of 
a family of solutions with a non degenerate time existence. Nevertheless, the most relevant problem 
is to study rigorously the convergence towards the incompressible Euler equations when the Mach 
number goes to zero. We recall that the incompressible Euler system is given by. 



The answer to these problems depends on several factors: the domain where the fluid is assumed 
to evolve: the full space M'^, the torus T*^, bounded or unbounded domains. The second factor 
is the state of the initial data: whether they are well-prepared or not. In the well-prepared case 
|181ll9j. we assume that the initial data are slightly compressible, which means that divvo^e = 0{e) 
and Vco,e = 0{e) as e — t- 0. However, in the ill-prepared case [30j, we only assume that the family 
(^^o,£) co,e)e is bounded in some Sobolev spaces H'^ with s > ^ + 1 and that the incompressible 
parts of (fo.e)^ tend to some field vq. Remark that in the well-prepared case we have a uniform 
bound of {dtVe)e, and this allows to pass to the limit by using Aubin-Lions compactness lemma. 
Nevertheless, the ill-prepared case is more subtle because the time derivative dtVe, is of size 0{^). 
To overcome this difficulty, Ukai [30j used the dispersive effects generated by the acoustic waves in 
order to prove that the compressible part of the velocity and the acoustic term vanish when e goes 
to zero. In [14j, we deal with a more degenerate case, we allow the initial data to be so ill-prepared 
that corresponding solutions can tend to a vortex patch or even to a Yudovich solution. Since these 
solutions do not belong to the Sobolev space for any s > 2, we allow the initial data that are 
not uniformly bounded in these spaces. We point out that this problem has already been studied 
in numerous papers, see for instance [ilfTT|fn|fT3|fT8l[Ml2^[22|[23l[Mll3n]. 

It is well-known that contrary to the incompressible Euler system, the equations (jl.ip develop in 
space dimension two singularities in finite time and for some smooth initial data, see [25]. This 
phenomenon holds true for higher dimension, see [27|. On the other hand it was shown in |19j 
that for the whole space or for the torus domain when the limit system (II. 2p exists for some 
time interval [0, Tq] then for ever T < Tq there exists eo > such that for e < eq the solution to 
(jl.ip lives till the time T. This result was established for the well-prepared case and with sufficient 
smooth initial data, that is, in H'^ and s > | + 2. We point out that this approach can not be 
achieved for| + 2>s>| + l. The proof is based on the perturbation theory by estimating in a 
suitable way the difference between the two systems. As an application in space dimension two, if 
we denote by the time lifespan of the solution (vs, c^) then lim£_s.o^e = +oo. We observe that we 

2 



(1.1) 




(1.2) 




can give an explicit lower bound for the lifespan > Clog log ^. In [T^, we extend these results 
in the case of Yudovich solutions. 

In this paper, we try to accomplish the same program in dimension three for axisymmetric initial 
data. This is motivated by the works of |26l [29] where it is proven that the incompressible Euler 
system is globally well-posed when the initial data is axisymmetric and belongs to H'^,s > |. For 
the definition of the axisymmetry, see Definition [21 The proof relies on the special structure of 
the vorticity which leads to a global bound of ||0(i)||Loo and then we use the Beale-Kato-Majda 
criterion [6J. Recently, we established in [T] the global well-posedness for (jl.2|) with initial data 

lying in Borderline Besov spaces vq G B^-^ , 1 < p < oo. It is important to mention that in this 
context the Beale-Kato-Majda criterion is not known to be valid and the geometry is crucially used 
in different steps of the proof and it is combined with a dynamical interpolation method. 
Our main goal here is to study the incompressible limit problem for both subcritical and critical 
cases with ill-prepared axisymmetric initial data. Concerning the subcritical regularities we obtain 
the following result. 

Theorem 1. Let s > | and {(vo,e) co,£)o<£<i} be a H"^ -bounded family of axisymmetric initial data, 
that is 

sup \\{vo^e,Co^e)\\H- < +00. 
0<e<l 

Then the system (II. ip has a unique solution (i;e,Ce) G C([0, T£[; with 

Te>Clogloglog(^):=r,. 

The constant C does not depend on e. Moreover, the compressible and acoustic parts of the solutions 
tend to zero: there exists cr > such that 

||(divt;„Vc,)||^i <Coe". 

Assume in addition that the incompressible parts (Vvq^s) converge in L2 to some Vq. Then the 
incompressible parts of the solutions tend to the Kato 's solution v of the system (j j.^ ; 

Vve^v in L^^{m+;L^). 

Remark 1. To study the lifespan of the solutions we do not use the approach of |19] based on 
the stability of the incompressible Euler system. More precisely, it seems that there is no need to 
use the limit system: we can only work with (jl.ip and use the special structure of the vorticity 
dynamics. On the other hand, the fact of working with the vorticity and by taking advantage of 
its special structure we can improve the regularity required for the stability: we can work in the 
framework of Soboev spaces H'^ with s > |. We emphasize that in [TO] the Sobolev regularity must 
be larger than |. 

The proof of the Theorem [T] relies on the use of Strichartz estimates for the compressible parts 
(Qve) and the acoustic ones (c^), see Corollary [2j Thus interpolating this result with the energy 
estimates, see Proposition [H we obtain the following result described in Proposition [2) there exists 
o" > such that 

(1.3) WdWveh.^Lo. + WVcshi^L^ < Coe'^(l + r2)e^^^(^), VeiT) = || (Vz;„ Vc,) H^^^oo . 

It is worthy pointing out that working with the subcritical regularities is very precious to get the 
preceding inequality. However, this argument fails in the critical spaces as we shall see next. The 
second ingredient of the proof is the use of the special structure of the vorticity in the axisymmetric 
case combined with Beale-Kato-Majda criterion. In what follows, we will briefly discuss the main 
feature of the axisymmetric flows and for the complete computations, see the next sections. By 
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the definition, the velocity takes the form v{x) = v'^{r, z)er + v^{r, z)ez in the cylindrical basis and 
consequently the vorticity := curl v is given by = {dzv"^ — drV^)eg := fl^eg. Therefore, the 
vorticity dynamics is described by 

V 

(1.4) dtne + Ve-Vns + ne<iwVs = —ns. 

r 

It follows that the quantity ^r satisfies the transport equation: 

We observe that this is analogous to the vorticity structure for the compressible Euler equations in 
space dimensions two. Performing energy estimates we obtain an almost conservation laws: 



n 



LP 



— \t) < — - e ^ t , Vp e [l,GO\ 



r 



(l-i)||divi,,|| 



LP 

When the fluid is incompressible we obtain exact conservation laws which are sufficient to lead to the 
global well-posedness. Concerning the proof of the incompressible limit in the case of ill-prepared 
initial data, it is done in a straightforward manner by using the Strichartz estimates. 
In the second part of this paper we will focus on the low Mach number limit for initial data 
with critical regularities. In our context a function space X is called critical if it is embedded in 

5 

Lipschitz class and both have the same scaling, for example Besov space or more generally 

, with p G [l,oo]. These spaces are till now the largest spaces for the local well-posedness to 
the incompressible Euler equations or more generally for the quasilinear hyperbolic systems of order 
one. In [Ij, it is proven that the system (jl.2p is globally well-posed for axisymmetric initial data 
with critical Besov regularity. Therefore it is legitimate to try to accomplish the same program for 
the system (jl.ip as in the subcritical case and especially to quantify a lower bound for the lifespan 
of the solutions. Nevertheless, to get unfiorm bounds with respect to the parameter e and remove 
the penalization term we need to work with critical spaces which are constructed over the Hilbert 
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space like B21 or other modified spaces as we will see next. Although one can prove the local 
well-posedness for the system (jl.ip with a uniform time existence, the extension of the results of 
Theorem[T]to the critical case seems to be much more relevant. We distinguish at least two principal 
difficulties. The first one has a connection with Strichartz estimates ()1.3p : in the critical framework 
the quantities ||divf£||2,oo and \\vs\\ 5 have the same scaling and the interpolation argument used 

in the proof of Theorem [1] can not work without doing refined improvement. Indeed, we have no 
sufficient information about the decay of the remainder series ^^^^ 25'?||(Agt;e, AgCe)(t)||j^2 and 
there is no explicit dependence of this decay with respect to the parameters, A^, t and e : it seems that 
in general the number N can implicitly depend on the variable time and on the parameter e and this 
makes the task so hard. To overcome this difficulty, we start with the important observation that 

any function / G -B2 1 belongs to some heterogeneous Besov spaces B2'i , where ^ : [—1, +00 [—^ 
is a nondecreasing function depending on the profile of / and satisfying limq_s.-|-oo ^(9) = +00. This 
latter space is defined by the norm 

Further details and more discussions about these spaces will be found in the next section. We 
point out that this function ^ measures the decay of the remainder series in the space of the initial 
data and we will see that the same decay will occur for the solution uniformly with respect to e. 
Therefore one can set up the interpolation argument in the critical framework in the similar way to 
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the subcritical case but without any exphcit dependence of the Ufespan with respect to the initial 
data. 

Concerning the second difficulty, it is related to the Beale-Kato-Majda criterion which is not appli- 
cable in the context of critical regularities. In this case the estimate of ||J7e(t)||2,°o is not sufficient 
to propagate the initial regularities and though one should estimate ||r2£(t)||no instead. We will 

oc,l 

see next that many geometric properties of the axisymmetric flows are used and play a central role 
in the critical framework. Our result reads as follows. 

Theorem 2. Let {(wo,£) co,e)o<£<i} be family of axisymmetric initial data such that 
(1.5) V 2h sup ||(Agt;o,„A,co,e)||L2 < +00. 

q>-l 0<-<l 
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Then the system (jl.ip has a unique solution {vs,Cs) G C{[0,T^[; B2 i), with 

lim = +00. 

Moreover the acoustic parts of the solutions go to zero: for every T <Tf, we have 

lim ll(div^;e,Vce) 11^1 = 0. 

e— >0 T 

Assume in addition that the incompressible parts {Vvqj,) converge in L2 to some vq. Then the 
incompressible parts of the solutions tend to the Kato 's solution v of the system (j j.^ ; 

Vve^v in L^^{m+;L^). 
We shall make some useful remarks. 

Remarks 1. (1) In the preceding theorem we need the assumption (jl.Sp which is much stronger 

than supq<£<x IK^ce, co,e)|| 5 < +00. This is crucial to prove a uniform decay for higher 

~ ^2.1 
frequencies, see Corollary [Jl 

(2) This theorem is a special case of a general result that will be discussed in Theorem\^ More 

precisely, we can extend these results for initial data lying in the heterogeneous Besov spaces 

, with ^ E hioo^ see the definition Ui When ^' has a slow growth at infinity then the 
lifespan T^ of the solutions is bounded below as follows 

T, > Co log log I log log £-1) I . 
This covers the results of Theorem\^ it suffices to choose ^{x) = 2^*^2)^,5 > |. 

We have already mentioned that in the critical case the Belae-Kato-Majda criterion is out of use, 

and yet the significant quantity that one should estimate is ||r2£(t)||oo . This does not seem an 

00,1 

easy task due to the nonlinearities in the vorticity equation and to the lack of the incompressibility 
of the velocity vector field. It is worthy pointing out that the incompressible case corresponding 
to the constraint div = Q was studied few years ago in [Ij and where the following linear growth 
was established, 

mS)\\B^ , <C\\^em\B^ e""^'/^''M^°° (1 + f \\Vve{T)\\Lo.dr). 

00,1 00,1 ^ Jo ' 

One of the main technical parts of this paper is to extend this result for the compressible model (|1.4p . 
What we are able to prove is the following 

||f^,(t)||BO <C||f),(0)||50 e"'^/'"^J^°°(l + e''"'^"^*^L-||divz;,f 3 ) (l + / ||t;.(r)||Lipdr) . 

00,1 00,1 V ^i^p^ ^ Jo ^ 
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where p S [l,oo[ and || • ||Lip stands for Lipschitz norm. We observe that when we take divvs '■= 
then we get the previous hnear estimate. The proof of this result uses, but with important mod- 
ifications, the approach developed in [Ij for the incompressible case. This method is based on a 
suitable splitting of the vorticity and the use of the dynamical interpolation technics. The geometry 
of axisymmetric fiows plays a crucial role in the proof, and we use also some tools of paradifferential 
calculus and harmonic analysis. 

The rest of the paper is organized as follows. In section 2, we recall some functional spaces and 
some of their basic properties. Section 3 is devoted to the establishment of some energy estimates 
in the heterogeneous Besov spaces -82'*- section 4, we prove some useful Strichartz estimates 
for the compressible and acoustic parts of the fluid. In section 5, we discuss some basic notions 
of axisymmetric geometry and we study some important geometric properties of the vorticity and 
prove some a priori estimates. In section 6, we prove Theorem [TJ Section 7 is deserved to the proof 
of Theorem [2] and especially to the proof of the logarithmic estimate previously described. Finally, 
in section 8 we establish some elementary lemmas. 

2. The functional tool box 

In this section we review some of the basic tools of the paradifferential calculus and recall some 
elementary properties of Besov and Lorentz spaces. Before going further into the details we will 
give some notations that we will intensively use in this work. 
Notations: 

• Throughout this paper, C stands for some real positive constant which may be different in each 
occurrence and Cq a constant which depends on the initial data. 

• We shall sometimes alternatively use the notation X < Y for an inequality of type X < CY 
where C is a constant independent of X and Y. 

• For any pair of operators P and Q acting in the same Banach space X, the commutator [P,Q] is 
given by PQ — QP. 

2.1. Littlewood-Paley Theory. Hereafter, the space dimension is fixed d = 3 and all the results 
of this section are valid for any dimension despite we make if necessary the suitable modifications. 
To define Littlewood-Paley operators we need to recall the dyadic partition of the unity, for a proof 
see for instance [9]: there exist two positive radial functions x ^ and ip G P(M'^\{0}) such 

that 

i) x(6 + E'^(2-'?C) = i veeM^, 

q>0 

ii) ^^(^(2-^0 = 1 if 

iii) supp (p{2-P-) n supp 1^(2^9.) = 0^ if \p - q\ > 2, 

iv) g > 1 =^ suppx n supp {p{2~'^) = 0. 

For every u £ S'(R^) we define the dyadic blocks by, 

A-i-u = x(D)ii; Vg G N, AgU = (p{2''^D)u and SqU = ^ Aju. 

-i<j<<?-i 

One can easily prove that for every tempered distribution n, the following identity holds true in 
the weak sense, 

(2.1) U= AqU. 

q>-l 
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By the same way we define the homogeneous operators: 

Mq G Z, AgU = Lp{2~'^'D)v and SqU = is.jU. 

We notice that these operators are of convolution type. For example for q & 1^, we have 

AgU = 2^'^h{2'>-) ★ u, with /i G 5, h{$) = ip{e). 

For the homogeneous decomposition, the identity ()2.ip is not true due to the polynomials but we 
can write, 

u = ^KqU G 5'(m3)/P[R3], 
where P[]R^] is the set of polynomials. 

We will make continuous use of Bernstein inequalities (see for example [9] ) . 

Lemma 1. There exists a constant C such that for A; G N, (7 > —1, 1 < a < 6 and for u G L°(M^), 
sup Wd'^SquWLb < C7'=2'?(*-'+3(^-i))||5gn||La, 

\oi\<k 

C-'=25^||AgM||La < sup ||9°Agu||La < C'=2'''=||Agn||La. 

\a\=k 

Let us now introduce Bony's decomposition fSj which is the basic tool of the paradifferential calculus. 
In the product uv of two distributions, which is not always well-defined, we distinguish three parts: 

uv = TuV + TyU + lZ{u, v), 

where TuV is the paraproduct of f by u and TZ{u, v) the remainder term. They are defined as follows 

1 

TuV = y^^Sg-lUAgV, TZ{U,V) = '^AgUAgV, Ag = ^ Ag + i. 

q q i=-l 

2.2. Usual and heterogeneous Besov spaces. Now we will define the nonhomogeneous and 
homogeneous Besov spaces by using Littlewood-Paley operators. Let (p, r) G [l,-|-oo]^ and s G M, 
then the nonhomogeneous Besov space B^ ^. is the set of tempered distributions u such 

II^IIbi,. := (2'i'\\Agu\\Lp)^^ < +00. 

We remark that the usual Sobolev space coincides with i?| 2 for s G M and the Holder space 
C^, coincides with B^^^ when s is not an integer. The homogeneous Besov space B^.^ is defined 
as the set of u G 5'(M'^) up to polynomials such that 

\\u\\r,s := (25^||A„n||LP ) < +00. 

The following embeddings, valid for both homogeneous and nonhomogeneous cases, are an easy 
consequence of Bernstein inequalities, see for instance [9], 

s+3(^-^) 

Bp^,ri ^ Bp^^Ti""" , Pi<P2 and n < r2. 
Let r > and p > 1, we denote by Lf^Bp ^. the space of distributions u such that 



\U\\ tP T3S 



2'i'\\A 



qU\\LP 



< +00. 



Now we will introduce the heterogeneous Besov spaces which are an extension of the classical Besov 
spaces. 



Definition 1. Let ^ : [— l,+oo[— ?• 'R*^^ be a given function. 

(i) We say that ^ belongs to the class U if the following conditions are satisfied: 

(1) ^' is a nondecreasing function. 

(2) There exists C > such that 

sup — — - — < C. 

gGNU{-l} ^(^J 

(ii) We define the class Uoo by the set of function ^ satisfying lim ^{x) = +oo. 

(iii) Let s G M,p, r E [1, +oo] and £U. We define the heterogeneous Besov space Bp^ as follows: 



u G B^'f ^ \\u\\^s,^ = i^^{q)2'^^\A^u\\Lp)^^ < +oo. 



Remarks 2. (1) We observe that when we take ^{x) = 2"^ with a G M+, the space Bp]r reduces 
to the classical Besov space -Bp^"- 

(2) The condition (2) seems to be necessary for the definition of -Bp'* : it allows to get a 
definition which is independent of the choice of the dyadic partition. 

The following lemma is important for the proof of Theorem [2j Roughly speaking, we will prove 
that any element of a given Besov space is always more regular than the prescribed regularity. 

Lemma 2. Let s G M,p G [l,+oo],r G [l,+oo[ and f G Bp,.. Then there exists a function 
belonging to Uoo such that f G -Bp'*. 

Proof. We observe that the proof reduces to the following statement: assume that a strictly positive 
sequence (cg)g>_i satisfies J2q'^q < +oo, then there exists a nondecreasing sequence (ag)g>_i 
satisfying 

(2.2) lim aq = +oo, sup < C 

9^+°° ?eNu{-i} «g 

and such that 

(2.3) ^ OgCg < +00. 

q>-l 

Let bq = (X]„>q c„) ^, then {bq)q>-i is a nondecreasing sequence going to infinity. Moreover 

(2.4) Yl bqCq<2{J2cq)K 

q>-l q>~l 

Indeed, we introduce the piecewise function / : [—1, +oo[— defined by 



f{x)=Cq, for xe[q,q + l[ and q'GNU{-l}. 
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Then we get by obvious computations, 



2^ bqCq = 2^ 



9>-i '?>-i f{x)dx) 2 

< 



^+1 fix) 



< r M dx 

< 2( / =2( c,)^ 



1 



g>-l 



Now we will construct by recursive procedure a sequence (aq)g>_i satisfying (|2.2p and (|2.3p . and 
such that 

a,c,<2( J] c,)i 

Let (aq)g>_i be the sequence defined by the following recursive formula 

Cg+i = i (og + min(6g+i , 2aq)) 
a-i = b-i. 



(2.5) 



We will show first that Og < bq. This is true for q = —1 and since (6g)q>_i is nondecreasing then 

Thus we find by the principle of recurrence that ag < bq,\/q > —1. From this property and (j2.4p we 
get the convergence of the series J2q>-i ^q'^q more precisely 

«.cg<2(^ cg)i 

q>-l q>-l 

Let US now prove that the sequence (ag)q>_i is nondecreasing. Indeed, by easy computations and 
from the nondecreasing property of (6g)g>_i and the fact Og < hq we get 

ttq+i -Uq = ^(min(6g+i,2aq) - Og) 
= ^ min(6q+i - ag,ag) 



> - min(6g — Og, ag) > 0. 



1 
2 

Now we will prove that (ag)g>_i converges to +00, otherwise it will converge to a finite real 
number i > 0. Using the relation (j2.5p combined with the fact that limg^+00 bq = +00 yields 
necessary to ^ = which contradicts the fact that i g]0, +00 [. On the other hand, we have 

i<^<i 

Og 2 

This ends the proof of all the properties of the sequence (ag)g>_i. □ 

Remark 2. From the proof of Lemma [2] we may easily check that we can replace the value of bq by 
any expression (X]„>qC„)~", with a < 1. The case a = 1 is not true, at least for any convergent 
geometric series. 
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As a consequence we get the following result. 

Corollary 1. Let s € R,p € [l,oo],r G [l,c>o[ and {fe)o<e<i be a family of smooth functions 
satisfying 

'2"^ sup WAJsWlp) < +00 

0<e<l 

Then there exists ^ G Uoo such that 

feeB^if, VeG]0,l]. 

Proof. We set Cg := 2'^^'" supo<e<i HAg/^H^p then Ylq^^g < and thus we can use Lemma [2j 
Therefore there exists ^ G Uoo such that 



^^(9)2"^^ sup < +00. 



This achieves the proof. □ 

2.3. Lorentz spaces. Let us now introduce the Lorentz spaces that will be used especially to 
analyze the critical regularities. There are two ways to define these spaces: by rearrangement 
procedure or by using real interpolation theory. We will briefly give both descriptions. For any 
measurable function / we define its nonincreasing rearrangement by 



f*{t) :=inf{s, /i({x, >4) <i}, 



where /j, denotes the usual Lebesgue measure. For {p,q) G [l,+oo]^, the Lorentz space L^''^ is the 
set of functions / such that ||/||lp,>j < 00, with 

\th*{t)]'—Y, forl<g<oo 



t ) 

suptpf*{t), for g = 00. 
t>o 



The second definition of Lorentz spaces which is equivalent to the first one is given by real inter- 
polation theory: 

where 1 ^ Po < p < pi <oo, and 9 satisfy ^ = + and 1 < g < 00. These spaces inherited 
from Lebesgue spaces the stability property of the multiplication by bounded function: 

(2.6) ||liw||LP.9 < C'llnllioo ||t)||j;^p,q. 

On the other hand we have the following embeddings, 

(2.7) LP''^ ^ LP'i',yi <p<oo;l<q<q'<oo and L^'^ = LP. 

3. Energy estimates 

This section is devoted to the establishment of some energy estimates for the system (jl.ip in the 
framework of heterogeneous Besov spaces 

This is an extension of the classical estimates 
known for the usual Besov spaces -Bl ^ and whose proof can be found for example in fH] . 

Proposition 1. Let (ve^Ce) be a smooth solution of (jl.ip and ^ GlA, see the DefinitionUi Then 
(1) L"^— estimate: there exists C > such that Vt > 



{Ve,Ce){t)\\L2 < C|| (t>o,e, Co,e) ||l2 e 
10 



C\\ divl'e||_j_i^oo 



(2) Besov estimates: for s > 0, a > 0, r G [l,+oo], there exists C > such that 

||(^e,c.)(i)||^.,* <C||K.,co,.)||^.,* e^^^W 

with 

Veit) := \\VVe\\LiL^ + || Vc^ ||^i^oo . 
The above estimate holds true for homogeneous Besov spaces -Bf r- 

Proof. (1) Taking the inner product of the first equation of (jl.ip with Vg and integrating by 
parts 

1 d 2 



Vrdx = 0. 



- / divvs{\ve\'^ + jc'^)dx / Csdivvedx = 0. 

Multiplying the second equation of (jl.ip by and integrating by parts 

J4l|c.(t)|li2 + (7- J) / {dWVe)cldx + - [ Cedivi 

2dt 2 J^3 e 



Thus summing up these identities yields to 



^(\\Vsmh + \\Vemh) = I div^,(K|2 + (l-7)c2)dx 

at 

< \\d\^vS)U^{\\vS)\\l. + \\Ceml^)- 

The result follows easily from Gronwall's lemma. 

(2) We will use localize in frequency the equations and use some results on the commutators. 
Let q> —1 and set fq := A^/, then 



(3.1) 



dtVe,q + Ve ■ VVe,q + ^CeVCe,q + ^Vc^^g = - [A,, ■ V]Ve - 7[Ag, Ce]VCe := Tig 
dtC£,q + Ve ■ VCe,q + 'yCedivVe,q + jdwVe^q = -[Ag,We • V]Ce - "/[AgjC^] div := T|g 



Denote Ws,q{t) := |ce^g(t)p + then taking the inner product in a similar way to the first 

part (1) we get 

1 d „ 



2dt 



\'We,q{^}\\L^ 



]- [ div Ve We,qdx - 7 / ( Vc^,, • Ve,q + Ce,q div Ve,q) dx 
+ / + ^l,q^e,q)dx 

= - div VeWe,qdx + ^ V Ce ■ {ce,qVe,q)dx + {T} ve,q + Te Ce,q)dx 
2 JR3 J^a 

< [lldivVemL^ + \\VCemL^)\\WsAmL^ + \\iTlq,Tlg)h^^^^^ 

We have used in the last line the Young inequality \ab\ < |(a^ + 6^). It follows that 

J^\\iVe,q,Ce,q)mL^ < (|| div + ||Vc,(t) || Kg, C,,,) (t) 11^2 + || (T.^^, T^J 11^2 . 

Multiplying by 2'^'^^{q) and summing up over q we get 

±\\{Ve,Cem\\^s.. < (||div^,(t)||z.^ + || Vc,(t) ) || (^e, Ce) (t) ||^.* + (2^^*(<z) || (T.^,, T^J |U. 

Now according to the Lemma [6] we have: for s > 0, r G [l,oo] and ^ £U 

{2i'^{q)\\[Aq,v V]u\\l2)^^ < ||Vt;||L-||n||^s,* + ||Vti||Loc . 
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This yields to 



dt ^2,r 

It suffices to use Gonwall's inequality to get the desired estimate. □ 

4. Strichartz estimates 

The main goal of this section is to establish some Strichartz estimates for the compressible and 
acoustic parts which are governed by coupling nonlinear wave equations. As it was shown in the 
pioneering work of Ukai |30] the use of the dispersion is crucial to get rid of the well-prepared as- 
sumption when studying the convergence towards the incompressible Euler system. More precisely, 
it was shown that by averaging in time the compressible and acoustic parts vanish when the Mach 
number goes to zero. In our case we will take advantage of the Strichartz estimates firstly to deal 
with the ill-prepared case and secondly to improve the lifespan by a judicious combination with the 
special structure of the vorticity for the axisymmetric flows. The results concerning Strichartz esti- 
mates that we will use here are well-known in the literature and are shortly discussed. Nevertheless 
we will give more details about their applications for the isentropic Euler system. 
We will start with rewriting the system (jl.ip with the aid of the free wave propagator 

dtVe + IVCe = fe ■= -Ve ■ VVs - CeVCe 
dfCe + i div Vs = Qe := -Ve ■ - Cs div Vs. 

Let Q be the operator Qv := VA~^divw which is nothing but the compressible part of the 
velocity v. Set |D| := \/—A, then by simple computations we show that the quantity 

r, := Qve-iV\D\-^Ce 

satisfies the wave equation 

(4.2) dtr,+ '-\B\T, = Qfs-iV\B\-'ge. 

Analogously, the quantity 



(4.1) 



7e := |D| ^ div v^ + ic^ 



satisfies the wave equation 



(4.3) dae+'-\D\-f, = \D\-Uwfe + ige. 

We will use the following Strichartz estimates which can be found for instance in [5} I16j. 
Lemma 3. Let (p he a complex solution of the wave equation 

+ JiDiv? = F. 

Then for every s G M, r > 2 there exists C such that for every T > we have 

ll^ll 3^1 <Ce^(||^(0)||^.^ + ||F||^^^.J. 

As a consequence we get the following Strichartz estimates for both compressible and acoustic 
parts. 

5 _ 1 

Corollary 2. Let r > 2 and fo,e,co,e E . Then the solutions of the system (jl.ip satisfy for 

allT > andO < e < 1, 

WQVehrBO +\\Ce\\LrBO < CqE^ {l + T)e^^^'^^^ 
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with Cq a constant depending on r and the norm ||(z;o,e, Co,^)!! 5_i and 

^2,1 

Ve{T) = r {\\VVsit)\\L^ + \\VCeit)\\L^)dt. 

Jo 

Proof. Applyiny Lemma [3] to the equation (14. 2p with r > 2 and s = | — we get 

lir.ll^.^o < CeF(||r,(o)|| .3 1 +||Q/,-fV|Dr^5e|l .3 i). 

Since the operators Q and V|D|^^ are homogeneous of order zero then they are continuous on the 
homogeneous Besov spaces and thus we get 

lir.ll^.^o^ < C£^(||K.,co,.)|| 3_i + ||(/.,9.)IL .3_i) 

< Ce^(||K.,co,e)|| 3_i + ||(/„9e)|l 3_i). 

^2,1 2,1 

We point out that we have used above the embedding ^ -^li' s > 0. To estimate the 
terms fe and we will use the following law product that can be easily proven by using Bony's 
decomposition: for s > 

Therefore we find 

\\ife,9e)\\j-l<C\\{v,,C,)\\L^\\iVe,C,)\\ sx. 

5_ 1 

Combining this estimate with Sobolev embedding ^ L°° (true for r > 1), we get 

3_i <C||(t;„c,)f 1. 

D 2 r D 2 r 

^2,1 -02,1 

Applying Proposition [T] yields to 



^2,1 ^2,1 



Thus we obtain for r > 2, 



|r.||^.^o < C'eK||K.,co,.)|| 3_i + ||K.,co,.)||%„ire^^^(^) 

°°' ^2,1 ^2,1 



Since the real part of Fg is the compressible part of then 

By the same way we prove a similar result for 7^ : 

helix. 50 <Coe^(l + T)e^^^(^). 
This gives the desired estimate for llcglL,. ro • □ 

Proposition 2. Let (t>o,£,co,e) 6e a -hounded family with s > | andv^jCg G C([0, T^); ff*) 6e t/ie 
maximal solution of the system (jl.ip . T/ien /or e?;er?/ r > 2, < T < and e g]0, 1] we /lat^e, 

lldivuJLiRO +||VcJ|riRO < Coe^'^^fl + T2)e'^^=('^). 

13 



Proof. Applying Lemma [3] with ip = Qvs and using the identity div Qw^ = divvs, we get 



-, 2s-5 ^"-5 

— rr^:^ — ii 2s-3 11 2s-3 



2s-5 23-5 2 

< r'T '■(2S-3) HO?; ||2s-3 II ||2s-3 



We have used in the last inequality the embedding ^ M> L°°. Now, combining this estimate 
with Proposition [1] and Corollary [21 

lldivu^ll^i^^o^^ < Coe^'^^(l + r)^+^(^"^)e'^^^W 
Similarly we obtain an analogous estimate for the acoustic part ||Vce||^i go . 

□ 

5. AXISYMMETRIC FLOWS 

In this section we intend to establish some preliminary results about the axisymmetric geometry for 
the compressible flows. First, we prove the persistence in time of this geometry when it is initially 
prescribed and second we analyze the structure and the dynamics of the vorticity. We end this 
section with some useful a priori estimates. 

5.1. Persistence of the geometry. The study of axisymmetric flows was initiated by Ladyzhan- 
skaya |20) and Ukhoviskii and Yudovich [29] for both incompressible Euler and Navier-Stokes equa- 
tions. This study has been recently extended for other models of incompressible fluid dynamics 
like stratified Euler and Navier-Stokes systems [ll|T7|. First of all we will show the compatibility of 
this geometry with the model (II. ip but we need before to give a precise definition of axisymmetric 
vector fields. 

Definition 2. • We say that a vector field f : M'^ — )■ is axisymmetric if it satisfies 

7^_„{^>(7^ax)} = v{x), Vq G [0, 27r], Vx G 

where IZa denotes the rotation of axis {Oz) and with angle 9. An axisymmetric vector field v is 
called without swirl if its angular component vanishes, which is equivalent to the fact that v takes 
the form: 

v{x) = v^{r,z)er + v^{r,z)ez, x = {xi,X2,z), r = {xj + xl)^ , 
where [er,eQ,ez) is the cylindrical basis o/M^ and the components v"^ and do not depend on the 
angular variable. 

• A scalar function / : — t- M is called axisymmetric if the vector field x i— t- f{x)ez is axisymmetric, 
which means that 

fiTZax) = f{x), Vx G M^Vq G [0,27r]. 
This is equivalent to say that f depends only on r and z. 

Now we will prove the persistence of this geometry for the system (jl.ip . 

Proposition 3. Let (vo,£;Co,e) he a smooth axisymmetric initial data without swirl. Then the 
associated maximal solution of (II. ip remains axisymmetric. 

Proof. For the sake of the simplicity we will remove the subscript e from our notations. We set 

Va{t,x) = Tl-a{v{t,TlaX)} and Ca{t,x) = c{t,TlaX). 

Our goal is to show that {va,Ca) solves the system (jl.ip . First of all, we claim that 

(5.1) {Va-VVa){t,x) =n.a{{v ■Vv){t,naX)}. 
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Indeed, obvious computations yield to 

3 

{Va-VVa){t,x) = {n-a{v(t,TZaX)}ydi{TZ-aV{t,naX)} 



i=l 
3 



i=l 

3 

= TZ-a^ {n-a{v(.t,naX)}y di{v{t,naX)} 
i=l 

:= TZ-aW. 

From the formula 

d^{v{t,no^x)y = (7^_„{(v^;^■)(^,7^„x)})' 

and using the fact that the rotations preserve Euclidian scalar product we obtain 

3 

= 5^(^-a{^^(^,7^„x)})'(7^_„{(V7;^■)(7^„x)})' 
= • V^;^')(^,7^„x). 

Therefore we get 

{va-^Va){t,x) = 7^_a{(^; • V■u)(^,7^ax)}. 
Now if / is a scalar function then 

(5.2) 7^_,{(v/)(7^«x)} = v{/(7^„x)}. 

Using this identity and (|5.ip we prove that {va-,Ca) satisfies the first equation of (jl.ip . It remains 
to prove that this couple of functions satisfies also the second equation of (|l.ip . We write according 
to the identity (|5.2p and from the fact that IZa is an isometry, 

3 

(Vq, • VCa)(t,x) = y^'R-a{v{t-,TZaX)} ■lZ-a{yc}{t,lZaX) 

1=1 

= {V ■Vc}{t,naX). 

It remains to check that 

divva{t,x) = {divv}{t,TZax). 
Indeed, set TZ-a '■= (ojj)i<j,j<3, then since 7^* = TZ-a, we find 

3 

div Va{t,x) = ^ di{aijv^ {t,TZax)} 

3 

= ^ aijaik{dkV^}{t,TZax) 

i,k,j=l 
3 

= ^ 6kj{dkV^{t,TZax) 
k,j=i 

= {div v}{t,TZax). 

Finally, we deduce that (uq, Cq) satisfies the same equations of (f, c) and by the uniqueness of the 
solutions we get Va = v,Ca = c for every a G [0, 27r] and thus the solution is axisymmetric. To 
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achieve the proof it remains to show that the angular component of the velocity v is zero. By 
direct computations using the axisymmetry of the solution (f , c) we get 

dtv^ + vVv^ + —v^ = 0. 

r 

It follows from the maximum principle and Gronwall's inequality that 

II 9/j.\\\ ^ II 6*11 lk'7''llrl roo 

Therefore if u q = then v^ii) = everywhere the solution is defined. □ 

Remark 3. From the above computations we get the following assertions: 

(1) If c is a scalar axisymmetric function then its gradient Vc is an axisymmetric vector field. 

(2) If V is an axisymmetric vector field, then its divergence divv is an axisymmetric scalar 
function. 

5.2. Dynamics of the vorticity. We will start with recalling some algebraic properties of the 
axisymmetric vector fields and especially we will discuss the special structure of the vorticity of the 
system (|l.ip . First, we make some general statements: let w = w^{r,z)er + w^{r,z)ee + w^{r,z)ez 
and V = v^'{r, z)er + v^{r, z)ez be two smooth vector fields, then 

6 r 
W V 

(5.3) wV = w'^dr + -de + w'd-,, divv = drv'' + — + d^v'. 

Easy computations show that the vorticity Q, := curl v of the vector field v takes the form, 

n = {dzv'' - drv')ee. 

Now let us study under this special geometry the dynamics of the vorticity of the system (jl.ip . 
Denote by fts = {dz^e ~ 9rV^)eo := 0,^^eg, the vorticity of v^- Then applying the curl operator to 
the velocity equation yields 

dtQe + CUlliVe ■ VVe) = 0. 
By straightforward computations we get the identity 

curl(f£ • Vv^) = • Vile — $7e • Vfe + $7e div Vg. 

Therefore we get 

dt^£ + V;; ■ Vr^e + div Ve = fig • Vv^ 
Now, since = ^^eg and by (15. 3p it follows that the stretching term takes the form, 

r 

= O^^e, 
r 



r 



Consequently the vorticity equation becomes 



V 

(5.4) dt^e + Ve ■ VQe + div Ve = —^e- 

r 

Thus the quantity ^ is governed by the following equation 

(5.5) {dt + v,-V + dwv,){^) =0. 

We observe that this equation is analogous to the vorticity equation in dimension two. In the case 
of incompressible axisymmetric flows the quantity % is just transported by the flow and this gives 
new conservation laws that lead to global existence of smooth solutions. However in our case we can 
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not get global estimates due to the presence of divvs, yet we have already seen that this quantity 
is damped by higher oscillations and thus we can expect that the time lifespan can grow when the 
Mach number becomes small. This will be clearly discussed later in the next sections. 

5.3. Geometric properties. When we deal with the critical regularities, it seems that the only 
use of the equation (15. 5j) is not sufficient for our study and so we need more refined properties of 
the vorticity. We start with the following results. 

Proposition 4. Let v = {v^,v'^,v'^) be a smooth axisymmetric vector field without swirl. Then the 
following assertions hold true. 

(1) The vector uj = V x v = (w^, w^, w^) satisfies uj{x) x ee{x) = (0, 0, 0). In particular, we have 
for every {xi,X2,z) £ M."^, 

cj^ = 0, xiu>^{xi,X2, z) + X2Uj'^{xi,X2, z) = and 

a;"'^(xi, 0, z) = 0J^{0, X2, z) = 0. 

(2) For every q> —1, AqU is axisymmetric without swirl and 

(AX)(0, X2, z) = (AX)(xi, 0, z) = 0. 

(3) Let n he a free divergence vector field such that Q{x) x ee{x) = 0. Then for q > —1 we have 

Aqil.{x) X ee{x) = 0. 

Proof. The results (1) — (2) and (3) are proved for example in [Tj. It remains to prove the last 
assertion. First, it is easy to check that (AgO)^ = Ag{U'^) and thus the last component of AqQ is 
zero and consequently our claim reduces to the following identity, 

XlAqQ^ +X2Aqn^ = 0. 

Using Fourier transform this is equivalent to 

d^{ipi2-%\)n^{0)+d2{^{2-'i\mHO)=o. 

Straightforward computations and the fact that = yield 

d,{^i2-'^\mHO) + d2{^i'^~'\^\mo) = 2-«ierV'(2-''i^i)(e'J^(0+e'j^(e)) 

+ ^i2-'i\c\){d^nm + d2n^0) 

= -i2-«|erV'(2~''lCl)di^(0 

- i</7(2-'?iei)-F(xif]i + x2f^2)(e) 

= 0. 

The last identity is an easy consequence from the hypotheses divfi = and Cl x ee = 0. 

□ 

The next result deals with some properties of the flow ip associated to a time-dependent axisym- 
metric flow {t,x) I— )• v{t,x). It is defined as follow through the integral equation 

ilj{t,x) = x+ / v(r, ^(r, x)) dr. 
Jo 

It is well-known from the theory of differential equation that if / is an interval and v G L^(/, Lip) 
then the flow is well-defined on the full interval /. Denote by Q the group of rotations with axis 
(Oz), that is 

g := {ne,9e[0,2TT]}. 
Now we will prove the following result. 
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Proposition 5. Let {t,x) i— )• v{t,x) be a time- dependent smooth axisymmetric vector field without 
swirl and {t,x) i— )• 'ip{t,x) its flow. Then the following results hold true. 

(1) For all TZe ^ Q we have 

TZeii^it, x)) = il^it, TZex), Vx G 

(2) For every x G M"^, t >0 we have 

tpit^x) ■ eg{x) = 0. 

(3) For every t, the vector field x i— t- v{t,'ip{t,x)) is axisymmetric without swirl. 

(4) For all q £ N we have 

Sg{v{t)o^{t)){x)-e0ix) = O, VxGM^. 
Proof. (1) We set '4)Q{t,x) := TlQijj{t,x). Thus differentiating with respect to t we get 

dtiJeit,x) =no{v{t,ij{t,x))). 

Since v is axisymmetric then 

ng{v{t,X)) = v{t,TZeX), G 

and consequently 

dtipe{t,x) = v{t,neiip{t,x))) = v{t,'ipe{t,x)), Tpe{0,x) = TZex. 

It is easy to see that {t,x) i— )• 'ip{t,TZ0x) satisfies the same differential equation of ipe and thus by 
uniqueness we get the desired identity. 

(2) This result, which means that the trajectory of a given particle x remains in the vertical plan, 
was proved in Proposition [2]. 

(3) Let TZe G G- Since v is axisymmetric then using (1) of Proposition [5] yields to 

ne{v{t,i;{t,x))) = ^;(^,7^e(V(^,x))) 
= v{t,il;{t,TZgx)). 

It remains to show that the angular component of the vector field x i— )• v{t,'ip{t, x)) is zero. Since 
the angular component of v is zero then 

v{t,X)-e0{X) =0, VXgM^ 

and by (2) of Proposition [5] we have ee{Tp{t,x)) = ±ee{x). It follows that the angular component 
of the vector field x i— v{t,ijj{t,x)) is vanishes and consequently it is axisymmetric without swirl. 

(4) Combining the preceding result with the part (2) of Proposition[3]we obtain that the vector field 
X ^ Sq{v(t)o7p{t))){x) is also axisymmetric without swirl and consequently its angular component 
is zero. □ 

The end of this section is devoted to the study of some geometric properties of a compressible 
transport model. It is a vorticity equation like in which no relations between the vector field v and 
the solution Q are supposed. 

dt^ + {v ■ v)n + ndivv = n-Vv, 

We will assume that v is axisymmetric and the unknown function Q, = {Q,^, 0^, 0."^) is a vector field. 
The following result describes the persistence of some initial geometric conditions of the solution Q. 



(CT) 



Proposition 6. Let T > and v be an axisymmetric vector field without swirl and belonging to 
the space Li([0,T],Lip(IR3)). Denote by n the unique solution of (CT) corresponding to smooth 
initial data $7o- Then we have the following properties: 
(1) If div no = 0, then divJ7(t)=0, VtG[0,T]. 
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(2) // X ee = 0, then we have 

VtG[0,r], O(i)xe0 = O. 
Consequently, Cl^{t, Xi,0, z) = Cl'^{t,(},X2, z) = 0, and 

T 

r 

Proof. (1) We apply the divergence operator to the equation (V) 

dtdiv Q, + div (n • Vfi + 0. div u) = div {Q, ■ Vu) . 
Straightforward computations yield to 

3 

div {u ■ Vn) = u ■ Vdiv ^+Y^ diU^ dj^' 
div {O, div u) = div div u + ■ Vdiv u 

3 

div {n-Vu) = n- Vdiv n + ^ diU^ dj^\ 

Thus, the quantity div O satisfies the equation 

S^div Q, + u - Vdiv + div O div « = 0. 
Using maximum principle and Gronwall inequality we get 

\\dYvVL{t)\\Loo < divJ^o||L°oe"'^"""^^°°. 
Therefore if divilo = then for every time Q{t) remains incompressible. 

(2) We denote by {Q.^, Q.^, Q,^) the coordinates of in cylindrical basis. It is obvious that O** = O-e^. 
Recall that in cylindrical coordinates the operator u ■ V has the form 

u-V = u^dr + '^vPde + u^dz = u^dr + u^dz- 
r 

We have used in the last equality the fact that for axisymmetric flows the angular component is 
zero. Hence we get 

(n • VO) • Cr = U^dr^ ■ er + U^dz^ ■ Cr 

= {vJ'dr + u^dz){^ ■ er) 
= '^x•V^^^ 

Where we use Sj-e^ = dzer = 0. Now it remains to compute • Vu) • e,.. By a straightforward 
computations we get, 

(n ■ Vu) ■ er = drU ■ er H — dgu ■ er + d^u ■ er 

r 

= n^'dru'' + n^d3u''. 

Thus the component Cl^ obeys to the equation 

dtn'' + u ■ VO"^ + divuQ'' = n^'dru'' + n^d3u\ 
Prom the maximum principle we deduce 

Wmi^ < f {W{r)\\L^ + m\T)\\L^)\\Vu{T)\\L^dT. 

Jo 

On the other hand the component Jl^ satisfies the equation 
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This leads to 



I^^'WIIl- < [\\\n^{T)\\L^ + \\n^{T)\\L^)\\Vu{T)\\Lo^dT. 

Jo 



Combining these estimates and using Gronwall's inequahty we obtain for every 

W^^t) = 0, which is the desired result. 

Under these assumptions the stretching term becomes 

r 

r r 



□ 

5.4. Some a priori estimates. Our goal in this section is to establish some a priori estimates 
that will be used later for both cases of critical and sub-critical regularities. Our result reads as 
follows. 

Proposition 7. Let {ve^Ce) he a smooth axisymmetric solution of the system (|l.ip . Then the 
following estimates hold true. 

(1) Denote by il^ the vorticity of v^, then for t > and p £ [1, oo] we have 



(t) 



< 



LP 



no 



(l-i)lldiv VeWrl, 



LP 



and for 1 < p < oo, q £ [1, +oo] 



-it) 



LP'i 



< c 



nl 



(l-l)lldiv^,. 



LP, 9 



(2) For t >0, we have 



r 



(3) For t > 0, we have 



L°° < IbellLZ + II dlWeWsO , + 

{ 



L3,i 



II div II 

C\\v,\\rlr2 C\\\dmv,\\^igO +t||C0/r||^3,i e 

t CXZ),1 



Proof. (1) To prove this result we will use the characteristic method. Let denote the flow 
associated to the velocity and defined by the integral equation 

'lfj£{t,x) = X + Ve{T,'llje{T,x))dT. 

Jo 

Set fs{t,x) = ^^{t,'ip{t,x)), then it is easy to see from the equation ()5.5p that 



Thus we get easily 
(5.6) 

For p = +00 we get 



dtfeit, X) + (div Ve){t, tPit, x))fe{t, x) = 0. 
fe{t, X) = /,(0, X) e- /o(di-^-0(r,VM))dr^ 



(t) 



J]0 



Now for p G [1, +00 [ we will use the identity 

detVlPe{t,x) = e/o(div^.){r,^(r,x))dT 
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and thus we get by (j5.6 



P 

LP 



\\fe{t)o^-\t,.)\\l. 



\fe{t,x)\PdetVlPe{t,x)dx 

\fe{0, x)\Pe^^-P^ Jo (div^.)(r,V{r,x))^^ 



< 



P (p-l)||divi)£|| 1 

e , 

LP 



The estimates in Lorentz spaces are a direct consequence of real interpolation argument. 

(2) The estimate of the quantity ||^||liloo will require the use of some special properties of ax- 

isymmetric flows. First, we split the velocity into compressible and incompressible parts: 

=Vve + VA^Mivi;^. 

We point out that in this decomposition both vector fields are also axisymmetric. Indeed, from 
Remark [31 the scalar function divt;^ is an axisymmetric scalar function and divvg too. Again 
from Remark [3] the vector field VA^^ divug is axisymmetric. Now obvious computations yield to 

(5.7) = {VVeY + dr^~^diYVe. 

Therefore we deduce 



r 



- — — + —A-^dwv^- 



To estimate the second term of the preceding identity we make use of the algebraic identity described 
in Lemma [7] and dealing with the action of the operator —A~^u over axisymmetric functions. 



r 



< ^ \\TZijdivVe\\L°^ 

2 

< ^ \\TZij divuell^o^ ^ 

< ClldivVp 

< C\\vir\\i2 + II divT;^ 



oo,l 



We have used the emebedding ^ ^ L°° combined with the continuity of Riesz transforms on 
the homogeneous Besov spaces. Furthermore, In the last line we use Bernstein inequalities in order 
to bound low frequencies: 

II Aj div t>£||j;,cx) < C||fe||j;^2 2^2^ < CH^^ || ^2 . 



Now let us come back to ()5.7p and look at the incompressible term. Since Vve is axisymmetric 
and satisfying furthermore div Vv^ = and curl Vv^ = 17^ then we can use the following inequality 
proven by Shirota and Yanagisawa [26) . 



(VVe 



-(x) 



< C 

21 



\fiy)\ 

\x — 2/P 



dy. 



Now since belongs to Lorentz space L^'°° then the usual convolution laws yield 



-it) 



< 



L3. 



According to the first part of Proposition [7] we have 

< C 

' ' L3,i - 

Combining these estimates we get 



— it) 
r 



I div fellrl, 



L3,l 



(5.8) 



I ^ II <^ 



^ iMl^ + II divuell^o + 



L3,l 



I div i'eII, 1,00 

e '-t^ , 



(3) Applying maximum principle to the vorticity equation (j5.4p and using Gronwall's inequality we 

get 



(5.9) ||f^e(t)||L- < ||J^e(0)||L-e" 

Plugging the estimate (|5.8p into (j5.9p gives 

7|||divi,,||,i„o +t||n0/r||^3,i e "i'Ji'"" I 
L * 00,1 ) 



Clk.ll 1^2 C^i lldivi-.ii^x 



□ 



6. Sub-critical regularities 

The main goal of this section is to prove Theorem [H however we shall limit our analysis to the 
estimate of the lifespan of the solutions and to the rigorous justification of the low Mach number 
limit. For example we will not deal with the construction of maximal solution which is cassical and 
was done for instance in [15] . 

6.1. Lower bound of T^. We will show how the combination of Strichartz estimates with the 
special structure of axisymmetric flows allow to improve the estimate of the time lifespan Tg in the 
case of ill-prepared initial data. We shall prove the following result. 

Proposition 8. Let s > | and assume that 

SUp||(vo,£,Co,e)||H» < +00. 
e<l 

Then the system (jl.ip admits a unique solution {vs,Cs) £ C{[0,T^]; H^) such that 

T, >Cologloglog(e-^). 
Moreover, there exists o" > such that for every T E [0, Tg] 

II divvgll ri ro -|- llVcell ri ro <Coe'^ 

and 



\\{v„Cs){T)\\hs <Coe 
22 



cxp{CoT} 



Proof. According to Proposition ([7]) we have 

To bound ||$7g/r||2,3.i we use the fact that Q^{0,0,z) = 0, see Propostion HI combined with Taylor 
formula 

Applying (|2.6p with a homogeneity argument yields 

W^^rU^a < r||VO0(T-,r.,.)||L3,idr 
Jo 

< ||VJ]°|U3,i / r-idr 

JO 

< l|Vn°||i3,l. 

According to the embedding H^~^ L^'^, for s > | one has 



From Proposition [T] we get 

(6.1) ||17.(t)||,.<Coe^"^^"*^''^''^""^^^"-J-^.^. 
Using Lemma [5] and Proposition [1] we get 

l|Vf,(t)||Loo < ||t;,(t)||^2 + ||div7;,(t)||BO +C7o||J],(t)||Loo(l + K(t)). 

Integrating in time and using Proposition [1] and Proposition [21 

W^Vehi^Loo < \\Ve\\L},L^ + \\divVe\\L}^Bl^^+Co [ \\n,{t)\\L^ {l + Vs{t))dt 





JQ 



with 

2s-5 



ae{T) := C7oe'-('2''-3)(l + r2). 



Using again Proposition [2] we obtain 



Ve{T) < Coae(T)e^^^(^) + C^T^^''"''^^- + Co [ \mt)U^{l + V,{t)dt. 

Jo 

Thus Gronwall's lemma combined with (j6.ip and Proposition [2] yield 

Co(l+T)oxp{||div«e|| 1 I , I, 



Co(l+T)exp{||divi,e|| 1 } , 



Co(l+T) exp {<:,aT)e'^^'=(^) I 

(6.2) < e" ^ . 
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We choose such that 

(6.3) ,„g(_i_)>C.' 

Then we claim that for every t £ [0, Tg] 

(0.4) cvM<^o,(-L-y 

Indeed, we set It^ := {t G [0,Ti;];CVe{t) < log ( ^ (V ) ) } • First this set is nonempty since G /te- 
By the continuity of 1 1— )• the set It^ is closed and thus to prove that It^ coincides with [0, T^] 

it suffices to show that It^ is an open set. Let t E It^ then using (j6.2p and (j6.4p we get 

Co(l + t)cxp |QE(t)eC'^e(*)| 

This proves that t is in the interior of It^ and thus It^ is an open set of [0, T^]. Consequently we 
conclude that It^ = [OjTg]. Now we choose precisely Tg such that 

Coe(l + re) = logloglog(e~^), with 6 > 0, 

then the assumption ()6.3p is satisfied whenever 

This last condition is satisfied for small values of e when CO < f^E^- Now inserting (|6.4p into 
dO]) we get for T G [0, T^] 

(6.5) Ve{T)<e'''''''^''\ 

Plugging this into the estimate of Proposition [2] we obtain for T G [0,Te] 

divvJUioo + VcJ rioo < Coe'^'' ° e-^^"-^) 

(6.6) < Ce'^, with (7 = ~ ^ , - Ce. 

r{2s — 3) 

From Corollary [2] and by choosing sufficiently small we obtain for every r g]2, +oo[ 

\\Qve\\v:,L^ + \\ce\\v:,L^ < Cqs^ (1 + r)e^^- ^ 

< Coe^-^''logloglog(e-^) 

< Coe''', (t'>0. 

We point out that the use of Holder inequality and the slow growth of allow us to get the 
following: for every r S [l,+oo[ 

(6.7) WQvcWlj^l^ + WccWlj^l^ < Coe"', a' > 0. 
Inserting (|6.6p into (|6.ip leads to 

\\ne{T)\\L^ < Coe^'^ . 
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To estimate the solutions of (jl.ip in Sobolev norms we use Proposition [T] combined with the 
Lipschitz bound (j6.5p 

□ 

6.2. Incompressible limit. Our task now is to prove the second part of Theorem[TJ More precisely 
we will establish the following result. 

Proposition 9. Let {vQ^e^CQ,e) a -hounded family of axisymmetric initial data with s > |, 
that is 

sup ||(vo,e,Co,£)||i/= < +00. 
0<e<l 

Assume that there exists vq G such that 

lim \\Vvo^e - vqWl^ = 0. 

£-i«0 

Then the family {Vve)e tends to the solution v of the incompressible Euler system (1 j.^p associated 
to the initial data vq: for every T > 0, 

lim\\Vve -^11^00^2 =0. 
However, the compressible and acoustic parts tend to zero: for every r G [1,+cxd[, T > 

\\m^\\{QVe,Ce)\\Lt,L^ = 0. 

Proof. The last assertion concerning the compressible and acoustic parts of the fluid is a direct 
consequence of (|6.7p . Now we intend to show that for every time T > the family (Vve)^ is a 
Cauchy sequence in L^L^ for small values of e and this will allow us to prove strong convergence, 
when e tends to zero, of the incompressible parts to a vector-valued function v which is a solution 
of the incompressible Euler equations. For this purpose, let e > e' > and set Ce,e' = Ve — Ve' and 
We^^' = Vve — Vve'- Applying Leray's projector V to the first equation of (ll.lj) yields to 

dtVVe+V{Ve-VVe)=Q. 

It follows that 

dtWe,e' + V{Ve ■ V Ce,e') + V{Ce,e' ' Vt^e') = 0. 

Taking the inner product of this equation with w^^^/ and using the fact that Leray's projector 
is an involutive self-adjoint operator we get 

l^\\Wr.e'it)\\l2 = - I {Vs-VCe,e')'PWe,e'dx- I {Ce,e' ' VVe')VWe,s'dx 



2dV 



/ {Ve ■ ^Qe,e')VWe,e'dx - / (Ce,e' • VVe')VWe,e 
/ {Vs -ViWe^e' + QCe,e'))'Ws,e'dx - iiWe,s' + QCe,e') ' ^V^')We,e'dx 

Jr3 Jk3 



= \f \We,e'\^ d\\ V^dx - [ {We,£' ■Vv<,>)We,e'dx 

- / {ve ■^QCe,e' + QCe,s' ■^V^')We,e'dx 
< {\\dwVs{t)\\L^ + \\VVs'{t)\\L^)\\We,e'{t)\\l2 

Integrating in time and using Gronwall's lemma 



L2 < {\\wl,,\\L2+F,,,,it))e 



II divtJell 1 oo + l|Vl)^/| 
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with 

Pe,e'{t) = \\Ve\\Lf>LA\^QCe,e'\\LlL^ + \\QCe,e'\\L\L^\\^ '"e'Wlf L'^ ^ 

Splitting QCe,e' into low and high frequencies we get 

II VQCe.e' II LjL°° ^ ll^iv Ce ,e'\\ L\ B^^ + II QCe.e' IIlJL"" • 

Therefore combining Proposition [1] and Proposition [8] with (|7.47p we get for some r] > 

sup < Coe''. 

According to Proposition [5] we obtain 

lk.,.'WllL^<t^oe^^'''''""'^(lK'llL^+^''). 

Thus we deduce that {J^Vf:)e is a Caucy sequence in the Banach space L^L"^ and therefore it 
converges strongly to some v which belongs to L'^^iM.j^] H"). This last claim is a consequence of 
the uniform bound in H" . It remains now to prove that u is a solution for the incompressible Euler 
system with initial data := lim£_>.o Pwo,e- The passage to the limit in the linear part (5fUe)e is 
easy to do by using the convergence in the weak sense. For the nonlinear term we split the velocity 
into its compressible and incompressible parts: 

Ve ■ VVe = VVe ■ Wv, + Vv^ ■VQVe + QVe ■ Vv^. 

By virtue of Proposition [H Proposition [8] and (j6.7p we get 

\\VVe ■VQVe\\Li,L2 < l^e ||l-l2 || VQ?;^ H^i^^oo 

< Co{\\QVe\\Li,L^ + II divu^llii^^o^ J 

For the last term we combine (|6.7p with Proposition [HI 

\\QVe-VVe\\Li^L^ < \\Vs\\L^m\\QVe\\Li^Loo 

< Coe\ 

It follows that 

lim \\vp ■ Vvp — Vvp ■ VT^fell ri r2 = 0. 
The strong convergence of Vv^ to v in L^L'^ allows us to claim that 

lim \\VVe (8) VVe — V v\\ri Ti =0. 

Consequently, the family V{v£ ■ Vvs) converges strongly in some Banach space to V{v ■ Vv) and 
thus we deduce that v satisfies the incompressible Euler system. □ 

7. Critical regularities 

5 

In this section we will study the system (jl.ip with initial data lying in the critical Besov spaces ^ . 
There are some additional difficulties compared to the subcritical case that we can summarize in 
two points. The first one concerns the Beal-Kato-Majda criterion which is out of use and the second 
one is related to the extension of the interpolation argument used in Proposition [2] to the critical 
regularity. We will start with a strong version of Theorem [2] in which we require the initial data 

to be in a more regular space of type -B| \ . We are able to prove the desired result for any slowly 
growth of ^. Roughly speaking, to get the incompressible limit and quantify the lower bound of 
the lifespan, the function ^ must only increase to infinity. The study of the case ^' = 1 which is 
the subject of the Theorem [2] will be deduced from the Corollary [1] and the Theorem [3l 
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5 \|/ 

Theorem 3. Let ^' G Uoo and {(fo,£;, co,e)o<e<i} be a -hounded family of axisymmetric initial 
data, that is 

sup ||(vo,e,Co,e)|| 5,^ < +CX). 
0<e<l -82^,1 

Then the system (jl.ip has a unique solution {vs,Cs) G C{[0,T^[; B^'^), with 

T, >Cologloglog$(e) :=f„ if < e « 1, 

where 

X2r 

and r is a free parameter belonging to ]2, +oo[. Moreover we have for small values of e, 
(7.1) ||(divt;„Vc,)|Li ioo <Co^'^(e). 

Assume in addition that the incompressible parts (Vvq^s) converge in L2 to some vq. Then the 
incompressible parts of the solutions tend to the Kato solution of the system 

Vve^v in L^^(R+;L^). 
Before giving the proof we wiU state some remarks. 

Remarks 3. (1) When ^ has at most an exponential growth at infinity, that is ^{x) < e*^^, 
then according to Theorem O we get that 

T, > Cologlog|log^'(log(^))|. 

We observe that in the case where ^ has exactly an exponential growth ^(x) = 2"^ then 
the Besov space B21 reduces to the Besov space -B^l"- 1^^^^ this choice the regularity of 
the initial data in Theorem becomes subcritical and what we obtain is in agreement with 
Theorem Q' we get especially the same result on the lower hound of the lifespan. 
(2) When ^ has a polynomial growth that is ^{x) = (x + 2)", a > then it is clear that ^ G Uoo 
and moreover 

T, > Co log log log-. 

e 

For the proof of Theorem [3] we shall examine only the estimate of the lower bound of Tg and 
the estimate (j7.ip . The proof of the incompressible limit can be done similarly to the proof of 
Theorem [TJ We point out that the analysis in the critical case is rather difficult compared to the 
subcritical case and we mainly distinguish two difficulties that one ought to face. 

The first one is related to the criticality of Strichartz estimate for || (div Vs,'Vcs)\\ 11^00 . This quantity 

5 

has the same scale of the critical Besov space B21 and to circumvent this problem we move to a 

slightly smooth space i?| [ but so close to -B| ^ . We will see later in the proof that the additional 
slow decreasing of the Fourier modes are needed in order to interpolate the involved Strichartz 
norm between the energy norm ||(T;e,Ce)|| 5 ^ and a Strichartz estimate for a lower norm of 

type IKVA-^iv T 00 . 

The second difficulty that one should to deal with has a close relation with the criterion of Beale- 
Kato-Majda which is not known to work for the critical regularities. In other words, the bound of 
||^^£(OIIl°° is not sufficient to propagate initial regularities and thus one should estimate a more 

stronger norm ||0£(t)||no instead. This is the hard part of the proof and the geometric structure 

00,1 
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of the vorticity will play a significant role, especially the results discussed before in Proposition [5] 
and Proposition [6l 



7.1. Proof of Theorem [21 The proof of Theorem [2] is a consequence of Theorem [3] combined with 
Corollary [TJ Indeed, from the assumption 

, 5 , 



^22l sup ||(Ag?;o,e, AgCo,e)||L2 < +00 



0<e<l 

and using Corollary [1] we conclude the existence of ^' G Uoo such that the family {vo^g, co,£)o<e<i is 
uniformly bounded in . Now we can just use Theorem [31 

7.2. Logarithmic estimate. Now let us examine a little further some interesting properties of 
the compressible transport model given by 



(CT) 



dtQ + {u ■ v)n + n div u = n ■ Vu 



This is the model governing the vorticity dynamics for the system (II. Ih and it is worth while to 
study the linear growth of the norm B'^ ^ which is crucial for the analysis of the critical case as it 
has been already pointed out. Our main result reads as follows. 

Theorem 4. Let p G [l,+oo[, u be an axisymmetric smooth vector field without swirl and he a 
smooth vector-valued solution of the equation (CT). We assume that r^o satisfies 

divfio = and x eg = 0. 

Then 

||f](t)||BO <C||Oo|Ibo e""''^'"^*^°°fl + e^"^""^*^°°||div^/f , ) (l + f \\u{T)\\i^^dT) . 

oc,i oo,i V LjB^/^ Jo ' 

with the notation H^llLip := + ||Vu||loo and C depends only on p. 

Proof. First of all, we point out that for the incompressible case, that is divu = 0, this result was 
proved in [1\ by using a tricky splitting of combined with some geometric aspects of axisymmetric 
flows. We shall use here the same approach of [IJ, however the lack of the incompressibility brings 
more technical difficulties that we are unable to circumvent without using some refined geometric 
properties of axisymmetric vector fields. The results previously examined in Proposition U] and 
Proposition [5] are very crucial at different steps of the proof. 

Before going further in the details we will first discuss the main idea of the proof. We localize in 
frequency the initial data and consider the solution of the same problem (CT). Then by linearity we 
can rebuild the solution of the initial problem by a superposition argument. The main information 
that we shall establish in order to get the logarithmic estimate is a frequency decay property. To be 
more precise, let g > — 1 and denote by VLq the unique global vector- valued solution of the problem 



(7.2) 



dtdq + {u ■ V)Clq + Clq div U = Clq ■ Vu 
^q\t=0 = '^q^O- 



Since divA^ilo = A^divilo = 0, then it follows from Proposition [6] that div Qq{t,x) = 0. Using the 
linearity of the problem and the uniqueness of the solutions we get the following decomposition 



(7.3) n{t,x) = Qqit,: 

9>-i 
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We wish now to prove some frequency decay for flq{t). More precisely we will establish the following 
estimate: let ip be the flow associated to u and F be the function defined by 

F{t,x)= [ {divu){T,tlj{T)o'tp-^{t,x))dT. 
Jo 

Then for p G [li 6[ and for every j,q > —1 we have 

(7.4) ||Aj(e^(*)f2q(t))||Lco < C72-^l^'-«l||AgSlo||L-exp{C(||Vu||^i^oc + ||divM|| | )}. 
In the language of Besov spaces, this estimate is equivalent to 

(7.5) ||e^Wfi,(t))|| ±1 <C||A,Oo|| ±1 exp{C(||Vu||^i^.. + ||divn|| ^ a)}. 

^OC,OC -^00,00 2 

We remark that in the statement of Theorem S] we require p to belong to [1, +oo[ which is not the 
case in the above claim ()7.5p . To do so, we should work with a regularity of size rj S]0, 1[ instead 
of ^ and the condition on p will be — ry + | > 0. Before going further into the detail we shall recall 
some classical properties for the flow ■0. It is defined by the integral equation 

ilj{t,x) = x+ [ v{T,'il){T,x))dT, X eR^,t>0. 



The next estimates for the flow and its inverse t/j ^ are well-known 

(7.6) ||VV'^i(t)||Loc < e/ollVt-Mlkoodr^ ^-1(^)^11^^ < el/rllv^Wkoodr|_ 

The propagation of the negative regularity is much easier than the positive one which needs more 
elaborated analysis. We apply flrst the Proposition [lOl yielding to 

e-^^''W||Jl,(t)|| _i < ||A,Ooll -1 + Te-^^^'MllOidivnll _i dr 

(7.7) + f\'^^^^^^\\ng-Vu{T)\\ „i dr. 

with the following notations, 

Vp{t) := ||n||^iLi + lldiviill i , p£ [1,6[; HullLip := \\u\\l°° + \\Vu\\loo. 

^ /■ 1 D P 

The first integral term of the right-hand side can be estimated as follows: for p G [1, 6[ 
rt f-t 
e-CVp{r)||^i^-^^|| ^ dT<C e-^^J'^^^lldivull 3 \\nl\\ 1 dr 

^00,00 J {) 1 -'--'00.00 



We have used in the preceding estimate the following law product: for s < 0, p G [1,+cxd[ such 
that s + I > we have 

(7-8) \\f9\\B^^,^<C\\f\\ I Ibbg,,^. 

The proof of this estimate can be done for example through the use of Bony's decomposition. Let 
us now come back to (j7.7p and examine the last integral term. Using Bony's decomposition, we get 

||fig-Vn|| _i < llTo • Vn|| _i + \\Tx7u ■ ^q\\ -i 



+ \\TZ(n„ ■v,u)\\ _i 

< ||v^/||L-||i7g|| _i +\\n{ng-v,u)\\ _i . 

-'--'00.00 -'--'oo.oo 
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Since divJlg(t) = 0, then the remainder term can be treated as follows 

\\n{nq-v,u)\\ _i = ||div7^(^^g®,u)|| _i 

^00,00 -^00,00 



< sup22 ^ ||Aji7g||2,oo ||Ajii||2,o 

^ j>k-3 



< \K\\ 1 \\u\\bi^ 

-Doo .00 



< 



^ l|f^glL-i ll^llLip 



00 ,00 



where we have used the embedding Lip ^ B^^ ^. Combining these estimates yields to 
(7.9) ||0,-Vu|| 1 <\\ng\\ . Mup. 

ri ^ hi ^ 

Now by inserting this estimate into (j7.7p we obtain 



'B 

-'-'00 ,00 



+ r(Mr)||Lip + ||div^|| .)e-^''^^^)\P,{T)\\ dr. 

Jo BP Boofoo 



BP/ 

Hence we obtain by Gronwall's inequality 

(7.10) mm^-i < ^^IIA.f^oll -1 e^^-W. 

-Doo,oo ^00,00 

Now we claim that for any p £ [1, 6[ we have 

(7.11) ||e^W0,(t)|| 1 < C\\AM . e^^^'W. 

^00,00 ^00,00 

Indeed, by (j7.8p we get for p £ [1,6[ 

\\e^^'^n,{t)\\ . < mm . +||(e^W-l)ji,(t)|| , 

^00,00 -C'cxD,CXD J^oo,oo 

(7.12) < ||f^,(OII -i I l|i^.(*)|| -i ■ 

We shall use the following estimate 

||e^W-l|| 3 < ||F(t)|| 3 e^ll^WII^-' 

(7.13) < ||F(t)|| 3 e'^ll'^'^""^^- 

3 

which can be deduced for instance from the result: There exists C > such that for u € B^^ and 
n E N we have 

To estimate F{t) we will use the following composition law, see for instance [28] : for s £]0,1[, p,r £ 
[1, 00], f £ i?p J, and "0 a diffeomorphism then we have 

||/oV^||B^,,<C||/||B^„(l + ||VV'||i^). 
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Applying this result combined with (j7.6p we get for p e]3, oo[ 

\\F{t)\\ s < /VivuMII 3 (l + ||V(V(T,V-'(t,-)))||foo)(iT 



B", Jo B^, 



< / ||divn(T)|| 3 e^-li^"(^)ll^°°'^^(ir. 
Combining this estimate with (|7.13p yields to 

(7.14) l|e^^*^-l|| 3 < C7e^"^""4^°° / ||divu(T)|| 3 dr. 

Putting together this estimate, (j7.12p and (|7.10p 

||e^Wji,(t)|| 1 < mm . (l + e^'"'""-*^--||div^|| , 

< \\AM 1 e^^''Wfl + e'""'""^.^^°=||divn|| 3 



'2 

00 , 00 



This completes the proof of ()7.5p in the case of the negative regularity. It remains to show the 
1 

estimate for B^^^o which is the hard part of the proof. But before giving precise discussions about 
the difficulties, we shall rewrite under a suitable way the stretching term of the equation ()7.2p . For 
this purpose we use Proposition H)- (3) leading to (Agfio) xeg = 0. Now according to the Proposition 
[6]-(2) this geometric property is conserved through the time, that is r2g(t) x = 0, and furthermore 
the equation (j7.2p becomes 

Applying the maximum principle and using Gronwall's inequality we obtain 

/'7 1C^ lln ^+MI ^ II A n II ll(div«,M''/r)|| 1 

From the geometric constraint Qg{t) x eg = we see that the solution Qg has two components 
in the Cartesian basis, (ig = {(lg,(lg,0), and the mathematical analysis will be the same for both 
components. Thus we will just focus on the treatment of the first component Clg. 
From the identity = ^ = which is an easy consequence of = 0, it is clear that the 
function Clg satisfies the equation 



Now we shall discuss the most difficulties encountered when we would like to propagate positive 
regularities and explain how to circumvent them. In the work of [T], the velocity is divergence- 
free and thus the persistence of the the regularity , < s < 1 is guaranteed by the special 
structure of the stretching term where the axisymmetry of the velocity plays a central role. 
In our case the velocity is not incompressible and the new term Qg div u does not in general belong 
to any space of type B^ , s > because in the context of critical regularities the quantity div u 
is only allowed to be in or in any Banach space with the same scaling. Our idea is to filtrate 
the compressible part leading to a new function governed by an equation where all the terms have 
positive regularity. But we need to be careful with the filtration procedure, its commutation with 
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the transport part leads to a bad term and that's why we have to extract the compressible part 
after using the Lagrangian coordinates. For the simplicity, we will use the following notation: we 
denote by 1 1— )• [xi{t),X2{t),x-i{t)^ = ip{t,x), the path of the individual particle located initially at 
the position x. Now, we introduce the new functions: 

r?,(t,x) = e^(*'^)j^,(t,V'(t,x)), 

and 

G{t,x) = [ {div u){T,i}{T,x))dT, U{t,x) = u{t,i}{t,x)). 
Jo 

As before, we shall restrict attention to the treatment of the first component of Qq, the second one 
can be teated in a similar way. It is not hard to see that the function rj^ satisfies the equation 



(7.17) 



X2{t) 



Accordingly, we deduce from this equation that the quantity t i— t- ^^^^^ is conserved. Indeed, 
differentiate this function with respect to t, then use the equation of the flow we find 



r]l{t,x) _ X2{t)dtril{t,x) - r]l{t,x)x'2{t) 

U\t, x)r]lit, x) - r]lit, x)u\t, i^{t, x)) 



xlit) 



0. 



It follows that 
(7.18) 



X2{t) X2 



Now, we are going to estimate r/^ in the Besov space B^^oo and thus we prove the remaining case 
of ()7.5p concerning the positive regularity. Applying Taylor's formula to the equation ()7.17p and 
using ()7.18p we obtain 



(7.19) 



< IIA„a 



X2\T} 



1 dr 

-'oo.oo 



X2{t) 



dr. 



To estimate the integrand in the right-hand side in the preceding estimate, we shall make use of 
the paradifferential calculus throughout Bony's decomposition. So, we get by definition and from 
the triangular inequality. 



X2{t) 



< 



T 



1 + 



BA 



X2{t) 



1 + 



BA 



X2{t)' 



BA 



The estimate of the first paraproduct and the remainder term are easy compared to the second 
paraproduct for which we will use some sophisticated analysis. Now for the first paraproduct we 
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write by definition and by the continuity of the Fourier cut-offs, 



B, 



2 

oo ,00 



sup 2-2 ||A,(5,_i(r?i/x2(t))A,C/2)||io 



fc>-i 



sup2t Yl \\^k{S,^i{vl/x2{t))A,U')\\L. 



k>-l 



\j-k\<4 



< sup25||A,C/2||^^||5^._i(^i/^2(t)||L° 



< sup2^||A,C/2||i^sup2-2 



L°° 



(7.20) 



< 



X2{t) 



1 



where we have used Bernstein inequality in the last line. Now, using the identity ()7.18p we get 



X2{t) 



B. 



1 

00 ,00 



X2 



1 
1. 

oc,oo 



< 229||A,1^o||l- ~ ||A,Oo|| 1 



BA 



The proof of last inequality can be done as follows: applying Proposition H)- (3) we get the identity 
A,f]J(xi,0,X3) = 0. This yields in view of Taylor's expansion 

A5nJ(a;i,X2,X3) = X2 / (S^^a Agr2j)(a;i, rx2, X3)(ir 

JO 

and hence we obtain by Lemma [8] and Bernstein inequality, 



X2 



< 



Bo 



||(92A,f]i)(-,r.,.)|L 1 dr 



B ^ 

-'--'00, 00 



< C\\d2Aqnl\\ _i I t-Ut 

-^00.00 J 



(7.21) 

Therefore we get by (I7.20p 



T „i W 



B, 



1 <||VC/|U-||A,f]o| 



Now according to Leibniz formula and ()7.6p we find 

\\^U{t)\\L^ < ||Vu(t)||Loo 11^(^)111.- 

(7.22) < ||Vu(t)||Looe"^""^*^°°. 

Hence it follows that 



T ,1 U' 

^2(0 



1 < C||Vn||,i^^e"''""^*^^°°||A,f)o|| 1 



r 1 

-'-^00,00 



B, 



3 

00 , 00 



(7.23) 



< Ce''"^"''^J--||A,17o|| 1 . 



B^ 
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To estimate the remainder term we use its definition combined with ()7.2ip . 



< sup Y: 2^l|A,f/^||L^ aA 



k>-l 



j>k-3 



(7.24) 



< WUWm 



< \\U\ 



1 



l^g^oll 1 ■ 



Straightforward computations combined with the embedding Lip(M^) ^ ^ imply that 



\\uit)h 



< \\uit)\\L^ + \\vumL^ 

< \\u{t)\\L^ + \\Vu{t)\\L^\\Vmh 

< ||tx(t)||ioo + ||Vn(t)|Uooe"^""4^° 



< 



\uit)\\upe 



Plugging this estimate into (|7.24p yields to 



(7.25) 



2 % 



1 r2 



Now let us examine the second paraproduct which is more subtle and requires some special prop- 
erties of the axisymmetric vector field u. First we write by definition 



1tt2 



X2 



< 



sup 2 2 

jeN 



^ ^^X2{t)' 



At first sight the term ^j^^^y consumes a derivative more than what we require and the best configu- 
ration is to carry this derivative to the velocity C/^. To do this we will use the commutation structure 
between the frequency cut-off operator Aj and the singular multiplication by According to the 
identity ()7.18p we write 



X2{t) 



) = Vi^^(x)A,(^) 



X2 



X2 

:= lj{t,x) + Uj{t,x) 

The estimate of the first term can be done as follows 

5j„iC/2(t,x) 



A 



J' 



X2 



{A,nl) 



X2 



AjAgUl\\L° 



Using Proposition [5]- (4) we get 5j_ii7^(xi, 0, X3) = and thus by Taylor's formula and (17.220 we 
obtain 



Sj-iU^{t,x) 



X2 



(7.26) 



< ||V5,-_l[/2||ioo 
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Since AjAgWo = for | j — g| > 2 then we deduce 

(7.27) sup2i\\lj{t)\\Loo <C\\Vu{t)\\Looe 

j 

For the commutator term 11^ we write by definition 
II,-(t,x) - 



^' ^-23W h{2^{x-y)){x2-y2)^^-^dy 



X2 

with h{x) = X2h{x). Now we claim that for every / E 5' we have 



y2 



2^^h{2^-)*f= 2'^h{2^-)*Akf. 

\j-k\<l 

Indeed, we have h{S,) = id^^h{^) = id^^ip{S,)- It follows that supph C suppif. So we get 2^^h{2^-) * 
A-kf = 0, for \j — k\ > 2. This leads in view of Young inequality, (j7.26p and ()7.2ip to 



sup22 ||IIj-||ioo < sup 



X2 



\3-k\<l 



X2 



\L°° 



(7.28) 



< 



< 



X2 \\B, 



1 

oc,oc 



||Vn(t)||z.oce"^""^.^^°°||A,Oo| 



Putting together ^L27\\ and (ITIMI) yields to 



(7.29) 



X2{-) 



Lf BA 



9"0ll i • 



Finally, combining (17:23]) . (17:25]) and (17:291) we get 



U 



2 % 



X2{-) 



-'-'t -'-'00,00 



B^ 

J-* 00 ,00 



Inserting this estimate into (j7.19|) we obtain 
(7.30) 



Next, we shall show how to derive the estimate (j7.5p from the preceding one. First, we observe 
that 

e^^''^^ng{t,x)=vg{t,i;-\t,x)). 
This will be combined with the following classical composition law 



-1 1 



<C||/|| 1 (i + ||v^-i|||^) 

^00 . 00 



leading acording to (j7.6p and ()7.30p to 

\\vl{t,r\t,-))\\ 



ba 



C\\Vu\\ 



< C\\A,nl\\ . e'^^"'^"-^-^ 
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This achieves the proof of (j7.5p . According to (j7.4p , its local version reads as follows 

(7.31) ||Aj(e^Wl^g(t))||ico < C72-5lJ-9l||AgJ7o||Looe^^''W. 

On the other hand, coming back to the equation ()7.17p . taking the L°°-estimate and using Gron- 
wall's inequality we get 

< II AgOolliooe-^O \mHr)/x2{r)UoodT_ 

Now, since Tp is an homeomorphism and = vJ' jr then 

ll(f/'(T)/x2(r)||i^ = ||K/r)(r)||i^ 

and thus we obtain 

(7.32) ||e-^(*)f],(t)||Loo < ||Agf)o||L-e"'^"^?^°°. 

Set C,{t^x) = e^^^'^^il.{t,x), then by the linearity of the problem (17. 2p we get the decomposition 

Cit,x)= e^(*'-)0,(t,x). 

Let € N be an integer that will be fixed later, then using (j7.3ip and (I7.32P we find 

j,q>-i 

< Yl l|A,(e^W0,(t))||Lo.+ Y ||A,(e^W0,)(t)||L.o 

\j-q\<N \j-q\>N 

< NWQoWbo e""^/''"-J--+2-i^||l^o|li,o e^^^W. 



Now we choose N ^ Vp{t) then 

(7.33) WmWBO <C||f]o|lBO e""''/''"^.'^°°fl + ||divn|| 3 + [' \\u{T)\\updT 

00,1 00,1 V LlB^^ Jo 

Our next object is to obtain an estimate for ||r2(t)||^o ^ form For this purpose we develop similar 
calculous to ()7.12p and ()7.13p . We start with the obvious identity 

fi(t,x) = C(t,x) + (e-^(*'^)-l)C(t,x), 

Using the law products: for p G [1, oo[ 

||nu|| ro < C||u|| ro |b|| 3 , 

" "-°oo,l ~ " "-°oo,l " " rP 

we obtain 

\\m\\BO^,<\\m\\BO^,{i + \\e-'^''-i\\j)- 

Similarly to (j7.14p we get for p g]3, +00 [ 

||e-^W-l|| 3 < Ce^"^""^J^°° /"Vivu(T)|| 3 dr. 
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Combining these estimates with (j7.33p we find 

WmWso ^ < llCWIIijo fl + e''"^"^^-- r||div..(r)|| 3 dr) 

oc,l 00,1V Jq ' 

< CWQoWbo e""''/''"^.^^°=(l + e'"'^""^J^°°||divnf 3 ) f 1 + /VwilLipdr) . 

^ LjBP/ ^ Jo ' 

This achieves the proof of Theorem HI 

□ 

7.3. Lower bound of Tg. The object of this section is to give the proof of Theorem [3] but for the 
sake of the conciseness we will restrict the attention only to the lower bound of T^. At the same 
time we will derive the involved Strichartz estimates which form the cornerstone for the proof of 
the low Mach number limit and to avoid the redundancy we will omit the proof of this latter point 
which can be done analogously to the subcritical case. 

Proof. Using Lemma [5] we get 

Wveimup < wvsimL^ + II divvsmB^ , + ii^^.wiibo ^ . 

00 , 1 00 , 1 

Integrating in time, using Proposition [T] and Proposition [2] we find 

IbelliiLip ^ lbellLiL2 + lldivW^lliiSO + IIJ^elliiBO 

1 1 1 CXD.l 1 00,1 

II div II r 1 dO 

< Co(l + T)e" -"^*^^,i+||f],||^^^o 

1 00 , 1 



Let 



Ve{T) := \\vs\\liup + llVcellii^io 



then using again Proposition [2] we obtain 

I (div tie, VCj:)!! r 1 oO 

1 00 , i 

Now, according to Theorem [H we have 

(7.35) \mt)\\B^ <Coe"'^'/'"^^°°(l + e^^^(^)||div^,f 3 ) (l + / |b.(r)||Lipdr) . 

By virtue of Proposition [7] and Proposition [H we get 

IKAIIlJl- < C|b,||i^^2 + ||divT;,||^^^o^^+Core"'"'^"^^"-.i 



C|| div t;, 11^1 



(7.36) < C7o(l + r)e '"^T«;i>.i. 

In the inequality (j7.35p we need to estimate ||divt;e|| 3 . For this purpose we will interpolate 



r 1 rp 



this norm between the energy estimate and the dispersive one. More precisely, for p g]2,+oo[ we 
get by interpolation 



,1- ' 



Idivuell 3 < Clldivt;^^ 3 ||divve|| 0'' • 

B^, B^ °°>i 



Integrating in time and combining Holder inequality with Proposition [T] we find 

2 ^ 1-^ 

||div'(;£|| 3 < CTp lldivuell'' 3 Hdivf^H 

L},Bl, L^Bl, "-tB^.^ 

(7.37) < CoTI e^^^(^)||divz;,||'"|, 
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Putting together (ITISS]) . (1736]) and (17:371) and taking p = 4 yield to 

imm^o^^^ < Co exp {Co(l + T) e""" '"''^"^^^^,1 } (l + e^^^(^)|| divt;,||i^50^ J (l + V,{T)) 

< Coexp{Co(l + T)e "^^^-^ } (l + y,(r)) . 

Combining this estimate with (|7.34p and applying Gronwall's inequality we obtain 

(7.38) K(T)<Coe^^p{^«(i+^)^ " °°"}. 

Let G N* be an integer that will be fixed later. Using the dyadic decomposition combined with 
Bernstein inequality and the property (1) in the Definition [T] we get 

||divt;e||no = lldivQw^lIno 

00,1 00,1 

= ^ \\Ag div QvsWlo^ + ^ \\Ag div Qve\\L°° 

q<N q>N 



q<N ^ ' q>N 



Integrating in time yields to 



Using Proposition [H Corollary [2] and Holder inequalities we get for r > 2, 



'(TV) 

< Co(i + rV'^^(^)(2^e^ + -l 

Similarly we get 



||v.,||,.„_,<c„(i + rV''-'^'(2".i + ^). 

Thus 

||(div.„Vc,)||^i^j, ^<C7o(l + r2)e^^^(^)(2^e^ + ^). 
We take N such that 

AT _J_ 

e K, e 2t 

which leads for small e to 

IKdiv.., Vc.)||,.^o^^ < Co(l + T2)e^^^(^)(.^ + ^^^^^ 

To make simple notations we introduce the function 

^(log(^) 

X2r 

We observe that since ^ G Z^/oo and it satisfies the property {ii) of the Definition [1] then 
(7.39) lim«>(e) = 0. 
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Thus we can rewrite the preceding estimate under the form 

(7.40) \\idivve,Vce)hi^BO , < Co(l + r2)e^^^(^)$(e). 
This gives 

e^^^(^)||(div.„Vc,)|Li^o^^^ < Co(l + r2)e^^^(^)cl>(e). 
Plugging this estimate into (|7.38p yields to 

(7.41) CV^iT) < ,e-o(l+-)e.p{Coa-.T^,*(.,e-.(T),^ 

We choose such that 

(7.42) ee-^^^oa+Te)}^^_i^^^_ 
Then we claim that for small e and for every t G [0, T^] 

(7.43) e^^-W < $~3(e). 
Indeed, we set 

First this set is nonempty since £ It^. By the continuity of t i— )• Vs{t), the set It^ is closed and 
thus to prove that It^ coincides with [0, T^] it suffices to show that It^ is an open set. Let t E It^ 
then using (j7.4ip we get for small e 

^CVeit) < ^e<=''P{Co(l+T)cxp{Co(l+T2)<I.2(e)}} 

From (j7.42p we get for small values of e, 

(7.45) Te w clog log log $~^(e) 
for some constant c and thus 

lim(l + r|)$^(e) = lim $^(e)log^ log log(^>~ 5(e)) = 0. 

Therefore for small e and for every t G [0, Tg] we have eC'o(i+i^)'i''(£) ^ 2 and consequently from 
l^7M\i and ([7:12]) we find 

< $"5(e). 

This proves that t is in the interior of Ix^ and thus is an open set of [OjTe]. Consequently we 
conclude that /jv = [0,re]. 

Now inserting (TTIH]) into I^L^ we get for T G [0, T^] 

(7.46) Vs{T) < Coe'^^P^o^. 

Plugging ()7.43p into the estimate ()7.40p we obtain for T G [0, T^] and for small e 
l|divt;e||iiBO +||Vc,|LiBO < Co(l + r2)$5(e) 

i 00,1 I 00,1 

From Corollary [2] and the above estimates we obtain for every r g]2, +oo[ and for small values of e 
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We point out that the use of Holder inequality and the slow growth of T allow us to get the 
following: for every r E [l,+oo[ 

(7.47) WQveWhr^L^ + WcsWl^^l^ < Cqe"' , a' > 0. 

Inserting ([7^ into (fel^) leads to 

\mT)\\Loo<Coe'''>^. 

To estimate the solutions of (jl.ip in Sobolev norms we use Proposition [1] combined with the 
Lipschitz bound (j7.46p 



^2,1 



□ 



8. Appendix 

This last section is devoted to the proof of some lemmata used in the preceding sections. 
Lemma 4. Let s > ^ and ip € L°°([0, T]; F'*(M^)), then we have 



23-5 2 
2s-3 ||,„|| 2s-3 



Proof. To prove this inequality we will use a frequency interpolation argument. We split the 
function if into its dyadic blocks: ip = X]<j>-i ^-^d we take an integer N that will be be fixed 
later. Then by Bernstein inequality we obtain 

N 

IIVv^IIbo ^ = V ||AqV99||i^ + V ||A,V(/?||i^ 

g=~l <jr>Af 

< C2^||(/p||loo 2t«||Ag(^||i2 

q>N 

< C2^M\l^ +C2-^^''l^\\ip\\Hs. 



Now we choose such that 



and this gives 



2 2s-5 
23-3 ||,„|| 2s-3 



II Vc^IIl^ <C||(^|||,T^ 11(^111; 
Now to get the desired estimate, it suffices to use Holder inequality in time variable. □ 

The next lemma deals with a logarithmic estimate in the compressible context. 

Lemma 5. The following assertions hold true 

a/zV Irtm nQT} n -tn T-f^ I'll? ^ ^ QDQ-f-h c ^ _ 



(1) Sub-critical case: Let v be a vector field belonging to H^(M.^) with s > | and denote by 



Q = V A V its vorticity, then we have 

I|V^IIl°° ^ II^IIl2 + l|divt;|| oo + ||r2||L°° logfe + ||w||hs)- 

oo,l 

(2) Critical case: Let v be a vector field belonging to B^^ ^ ^ then 

l|V'y||L°° ^ lbllL2 + +||div't;|| oo +||0||ro . 

oo,l oo,l 
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Proof. We split v into compressible and incompressible parts: v = Qv + Vv. Then 

curlv = curl "P v. 

Thus the incompressible part Vv has the same vorticity as the total velocity and thus we can use 
Brezis-Gallouet logarithmic estimate 

||VPt;||Loo < ||'Pu||i2 + ||0||loo log(e + IIPuIIhO 
< 11^11^2 + lir^llioo log(e + ||t;||//.). 

It remains to estimate the Lipschitz norm of the compressible part Qv. Using Bernstein inequality 
for low frequency 

||VQ?;||l°° = llV^A^Mivullioo 

< IIA-iV^A^Miv-yllioo + ^ ||AgV^A"Miv?;||Loc 

< \\v\\l2 + ||divt>||BO 

00,1 

This concludes the proof of the logarithmic estimate. □ 
We will establish the following 

Lemma 6. Let s > and ^ £ U, see the Definition[J\ Then we have the following commutator 
estimate: 

V 2«"^'(g)||[Aq,v V]n||i2 < \\Vv\\l^\\u\\^s,^ + \\Vu\\l^\\v\\^s,^ . 

^ — ' ^2,1 ^2,1 

q>~l 

Proof. By using Bony's decomposition, we can split the commutator into three parts, 
[Ag,vV]u = [Ag,n-V]u+[Ag,Tv.-v]u + [Ag,n{v,V)]u 

We start with the estimate of the first term I. Then by definition 

\\[Ag,T,-V]u\\L2 < mq,Sj-iv-V]Aju\\L2. 
Ii~g|<4 

We can now use the following commutator inequality, for a proof see for example [9], 

\\[Aq,a]b\\LP < C2-'?||Va||Lco||a||LP 

which yields in view of Bernstein inequality to 

||[Aq,r„ • V]n||i2 < C 2~''\\VSj-iv\\Lo^\\VAju\\L2 

li-g|<4 

< C\\Vv\\loo Y 2^"^I|Aj^/||l2 

b-'?l<4 

< IIVwIIloo Y ll^i^llL2- 

|j-g|<4 
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Multiplying this last inequality by 2'^*^'(g), summing up over q, and using the property (2) in the 
Definition [1] we get 

q>-l \j-q\<i 

< ||Vu||l=o ||u|| ps,*. 
Similarly, the second term 11^ is estimated by 

J2 2i-'^{q)\\Ugh2 < \\Vu\\l^\\v\\^s,^. 

What is left is to estimate the remainder term. From the definition and since the Fourier transform 
of [Aq, Ajf]V is supported in a ball of radius 2'^ then we obtain 

\\[Ag,TZ{v,V)]u\\L2 < \\[Ag,Ajv]VAju\\L2. 

To estimate the term inside the sum we do not need to use the structure of the commutator. 
Applying Holder and Bernstein inequalities yields to 

\\[Ag,niv,v)]u\\L2 < Yl 

j>q-'i 

< IIVuIIlcx, Y ll^j^llL2- 

Multiplying this last inequality by 2''^^{q), summing up over q, using Fubini identity and the 
property (1) of the Definition [1] we get 

Y 2'^'^{q)\\[Ag,n{v,V)]uU2 < \\Vu\\l^ Y E ^^'^iq^A^uh^ 

q> — l <?> — lj>9— 4 

< \\Vu\\l^ Y \\^Ml2 Y 

i>-i g<i+4 

< llViillLoolliilL^,*. 

This concludes the proof of Lemma [6j □ 

The following proposition describes the propagation of Besov regularity for transport equation. 

Proposition 10. Let u be a smooth vector field, not necessary of zero divergence. Let f be a 
smooth solution of the transport equation 

dtf + u-Vf = g, f\t=o = fo, 

such that /o G Bp^j.{W^) and g G L\^^(W^\ B^^^). Then the following assertions hold true 

(1) Lei p, r e [1, oo] anrf s g]0, 1[, then 

where V{t) = \\\7u{T)\\LcxidT and C is a constant depending on s. 

(2) Let s e] - 1, 0], r G [1, +oo] and p £ [2, +oo] with s + - > 0, then 



3 

P 

t 
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with Vp{t) = ||Vn||2,i^oo + ||divn| 



Proof. (1) This estimate is classical, see for example [9] in the Holderian case and the similar proof 
works as well for Besov spaces. 

(2) The proof for a general case can be found for example in [10] and for the convenience of the 
reader we will give here the complete proof in our special case. We start with localizing in frequency 
the equation leading to, 

dtAJ + (n • V)A,/ = A,g + (u • V)AJ - A,(n • V/) 
= Agg-[Ag,u-V]f. 

Taking the norm, then the zero divergence of the flow gives 



\ Ag f {t)\\LP <\\Agfo\\LP+ [ \\Aqg\\LpdT+ [ [Aq,u-V]f 

Jo Jo 



dr. 

LP 



From Bony's decomposition, the commutator may be decomposed as follows 

[Ag,u ■ V]f = [A„ r„ • V]/ + [Ag, Tv. • u]f + [Ag, n{u, V)]/ 

For the paraproducts we do not need any structure for the velocity, so reproducing the same the 
proof of Lemma [6] we find for s < 1 

II [A„ Tu ■ V]/ + [A„ Tv. • u]f\\LP < C\\Vu\\l^ ||/||b. ,,c,2-'?^ 

with {cq)er = 1. Concerning the remainder term we write 

[Ag,n{u,V)]f = Y,[Ag,Aju'di]Ajf 

j 

= di J2 [^g,^ju']^jf- E [Ag,A,divtx]A,-/ 

= Ig + IIg 

Similarly to the proof of Lemma [6] we get for s > —1 

For the second term, since the Fourier transform of [Ag, Ajdivu]Ajf is supported in a bull of size 
2^ then using Bernstein and Holder inequalities we obtain for p >2 

||[Ag,A,divn]A,/||iP < C2f'?||[A„A,divn]A,/||^P 

< C2t''||Ajdivu||Lp||Aj/||LP 



Therefore 



2«^||IIg||LP < C2l^ l|Aj/||Lf||Ajdivu||LP 



J>9-4 



< C||div7;|| I Yl 2('^-^')(^+t)(2-''^||Aj/||Lp) 



Now since s + | > then we can use Young inequality to deduce that 



(2'^1|II.||L.)^„<C||div^;|| , ||/||b|„ 
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Combining these estimates yields for — min(l, |) < s < to 

2'i^[A„u-V]u\\Lr>) <C\\divv\\ I UWbs^^ 
Plugging this estimate into (jS.ip we get 

ll/(i)llB|,„ < ||/(0)b^,, + tvpmfiT)\\Bs Jr+ f \\gir)\\Bs jT, 

JO "/ 

with 

Vriit) := ||Vu||loo + ||divu|| 3 . 
To get the desired estimate it suffices to use Gronwall's lemma. 



□ 



The last point that we will discuss concerns the action of the operator {dr/r)A~^ over axisymmetric 
functions, we will show that its restriction over this class of functions behaves like Riesz transforms. 
This study was done before in [T7] and for the convenient of the reader we will give the complete 
proof here. 

Lemma 7. We have for every axisymmetric smooth scalar function u 

2 2 

(8.2) {dr/r)A-\{x) = ^TZnuix) + ^7^22n(x) - 2;^7ei2u(x), 
with TZij = dijA"^. 

Proof. We set / = A~^u, then we can show from Biot-Savart law that / is also axisymmetric. 
Hence we get by using polar coordinates that 

(8.3) duf + d22f = {dr/r)f + drrf. 

where 

dr = + ^d2. 
By using this expression of dr, we obtain 

drr = i-dl + ^d^f = dr{^)d, + 9.(^)52 + 4^11 + 4^22 + ^^i^- 
„2 ^2 



—^0\\ H :rC22 H 5 — 0\2 



^ ^Z 

since 



a^(^) = 0, ViG{l,2}. 



This yields by using (j8.3p that 



-/ = (1 - 4)^11/ + (1- 4)^22/ -^5i2/ 

= 4^11/ + 4^22/ -^ai2/. 

^Z ^Z ^Z 



To get (j8.2p . it suffices to replace / by A ^u. 



The following result describes the anisotropic dilatation in Besov spaces. 
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Lemma 8. Let s €] — l,+oo[\{0}, / : — )• M 6e a function belonging to and denote 

by fx{xi,X2,X3) = f{Xxi,X2,X2). Then, there exists an absolute constant C > such that for all 

Ag]o,i[ 

I|/aI|b^,^<C7A^||/||b^,^. 

Proof. Let q > —1, we denote by fq^x = {Aqf)x. Prom the definition we have 

II/aIIsi,^ = ||A_i/a||l- +sup2^■"||AJ/A||L-• 
jeN 

For j, g G N, the Fourier transform of Ajfq,\ is supported in the set 

{l6l + ie'l~2^' and A-i|ei| + |^'|«2«}, 

where ^' = {£,2,^3)- A direct consideration shows that this set is empty if 2^ < 2^ or 2^~i < X. Thus 
we get for an integer ni 



9-"l+log2 
j<q+ni 



< ||A_iMUoo+ Yl 20--«)^2^^||/,|Uc 



-7ii+log2 X<j 
j<q+ni 



ni 



-ni+log2 A 

Let us now turn to the estimate of the low frequency ||A_i/a||loo. We observe that the Fourier 
transform of A_i/g a vanishes when q> uq where tiq is an absolute integer. Consequently we get 

no 

||A_i/a||l°° = Y, l|A-l/q,A||L°° 

q=-l 
no 

< cY IIA,/||l- 

q=-l 

< c\\ 



This completes the proof of the lemma. □ 
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